This paper examines the emergence of complex volatility in dynamic asset markets when there are heterogeneous agents. A discrete formulation is studied with two categories of market participants, fundamentalist traders who buy when the asset price is below the fundamental value and sell when it is above and noise traders who use moving average technical trading rules that can lead them to chase trends. Agents switch from one type of strategy to the other according to relative returns. A variety of outcomes are studied using numerical simulation, including variation of market price responsiveness to changes in excess demand, in switching behavior, and the introduction of noise. Bifurcation analysis of certain parameters is presented.
INTRODUCTION
Asset market price dynamics have been much studied, especially their unpredictable, and fluctuating nature marked by irregular switching from generally bull market dynamics to bear market dynamics and vice versa. The conventional efficient markets hypothesis argues that apparently erratic asset price dynamics reflect more-or-less random news. But, there has been concern regarding "excess volatility", namely, some price fluctuations may have exceeded what would be explained by rational fundamental value adjustment based on random news.
However, the conventional view is a more recent one, with an old tradition going back at least as far as the tulipmania of the 1630s in the Netherlands suggesting that trend chasers can destabilize markets with speculative frenzies, with John Stuart Mill (1848) providing a classic version of this argument (Rosser, 2000, Chapter 4) . However, the idea that speculation must be ultimately stabilizing because speculators must lose money and will go out of business also dates back to nearly the time of the tulipmania, with the Dutchman, Graswinckel (1651) providing the classic argument. Over the centuries the debate has gone back and forth.
Friedman (1953) presented the classic argument that speculation in foreign exchange markets is stabilizing, arguably in response to earlier discussions of destabilization speculation by Keynes (1936) . Baumol (1957) and Telser (1959) re- sponded that heterogeneous agents and imperfect competition can undermine Friedman's argument. Friedman's argument was given its more sophisticated version about this time when Muth (1961) introduced the rational expectations hypothesis to explain why agricultural markets are relatively stable despite the possibility of lagged adjustment effects of the cobweb type. Muth's model did not address the issue of speculation or bubbles directly, but Tirole (1982) demonstrated that bubbles are impossible in a discrete-time world with a finite number of fully informed and rational, risk-averse, infinitely-lived agents who trade a finite number of real assets with real returns. In a stochastic world with rational expectations, market volatility should reflect the volatility of new information only.
Zeeman (1974) presented a catastrophe theory model showing how volatility could arise in a world with fundamentalist and trend-chasing chartist traders when chartist traders are a strong enough influence in the market. More recently, Black (1986) introduced the concept of noise traders. For example, Shiller (1989) (1990, 1991) showed that noise traders could survive and even do better than fundamentalist traders on some occasions. Day and Huang (1990) and DeGrauwe, Dewachter and Embrechts (1993) have shown that chaotic dynamics can arise in models with fundamentalists and chartists when the latter exercise sufficient influence. Others examining the dynamics of such heterogeneous agent models with complex dynamics in asset markets include Arthur, Holland, LaBaron, Palmer, and Tayler (1997); Brock and Hommes (1998) ; Lux (1998) and Chiarella, Dieci, and Gardini (2000) . A general result is that as market shares fluctuate between traders who are more fundamentalist and those that are more chartist, the nature of market dynamics likewise fluctuates.
In this paper we extend this line of analysis to a model with both fundamentalist and noise traders. In general, the current market price x diverges from the fundamental value v. The F-traders think this means temporary "false pricing", and believe x and v will converge in the long run. If x is below v now the F-traders expect to obtain a capital gain in the future, so they will try to enter the market and buy units of the asset. On the contrary, if x is above v the F-traders expect a capital loss, so they will attempt to sell units of the asset and exit the market. Furthermore, the F-traders' decision to buy or sell shares depends on the divergence between x and v. If the spread is strongly positive, the opportunity for a capital gain and desire for the asset is great; while if it is strongly negative the risk of a capital loss and rejection of the asset is great. That is to say, the greater spread, the more desire for trade. Therefore the F-traders' trading strategy is given as by a simple excess demand function:
ft CF(It Xt) (Ft Xt)3, Vt Vt-+ het (1) with the nonnegative parameter C F measuring the F-traders' excess demand response to a price gap. For simplicity, let CF= 1. We assume that et is a standard Guassian white noise, which implies that vt is a random walk.
N-traders may be referred to as "Non-fundamentalists" or "Noise traders". According to such a rule, buy and sell signals are generated by two moving averages ofthe level ofthe index: a long-period average and a short-period average. In its simplest form this strategy is expressed as buying (or selling) when the short-period moving average rises above (or falls below) the longperiod moving average. This means the N-traders chase prices up and down. The idea behind computing a moving average is to smooth out an otherwise volatile series. When the short-period moving average penetrates the long-period moving average, the N-traders think a trend to be initiated and capital gain or loss to be expected. By comparison with F-traders, the N-traders neither know the fundamental value v nor believe the current market price x and v will converge in the long run. Indeed, although they are generally characterized as irrational or poorly informed, we remind that DeLong, Shleifer, Summers, and Waldmann (1991) demonstrated that noise traders can sometimes do better than all other market participants, especially when their behavior is driving the market outcomes.
Here we adopt one of the simplest rules: the short-period moving average is just the current market price x and the long-period one is just an exponentially weighted moving average, which is also an adaptive expectation of current price x. Let y denote the long-period moving average. Consequently, the N-traders' trade strategy can also be given as a simplified expression by an excess demand function: FIGURE Price dynamics, low market price flexibility. In contrast, Figure 6 exhibits an irregular bubblelike price evolution, and we can regard it as less stable. In general, the former has greater stability than the latter. When the moving average period is short, the N-traders' trade strategy has better adaptability to market changes and eliminates the accumulation of destabilizing effects more quickly. This suggests that we might have a tradeoffbetween more but regular fluctuations and fewer but more erratic variations of the market price. Figure 7 case, the evaluation horizon is so long that the F-traders strategy gets more return then N-traders strategy, then the share of F-traders increases and the market price converge to the fundamental value gradually. Moreover, in Figure 8 the evaluation horizon is short, then the N-traders' evaluation horizon is so long that the F-traders' strategy gets more return than the N-traders' strategy. Then the share of F-traders increases and the market price converges to the fundamental value gradually.
However, if the evaluation horizon is sufficiently As we can see, the noise changes greatly the dynamic behavior of market price, and this makes the price curves seem more realistic compared with the respective curves without noise. Although the price movement can exhibit some apparent randomness without exogenous noise, the noise generally strengthens the market randomness.
Moreover, as a nonlinear system, the noise volatility of the fundamental value is not just transferred to final market price, but may be absorbed in some cases (see Fig. 9 ) or amplified in other cases (see Fig. 11 ). If we think the fluctuation stemming from nonlinear dynamic system as intrinsic randomness, and the noise volatility as exogenous randomness, then their interaction will generate a more complex randomness, which may be more close to real complex dynamic system such as asset market. Figure 14 shows a bifurcation analysis of the behavior of w as a function of g. W is the share of the traders who are fundamentalists. G is the sensitivity to switching from one type of trader to another. Previous literature (Brock and Hommes, 1998) 
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